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Abstract—The present paper considers an elastic rectangle indented on a set of parallel edges by flat punches
with finite coefficient of sliding friction. The contact area is divided into an inner adhesive region in which the
surface displacements are known, surrounded by regions in which the friction is limiting and the displacement
parallel to the interface is not known. The remaining extreme portions of the edges as well as the other set of
parallel edges are free from tractions. The problem is formulated in terms of a set of three singular integral
equations which are nonhomogenious. Solutions of the integral equations which satisfy the finiteness of
stresses at the point which separates the adhesive from the slip zone, determine the extent of adhesion. This
is found to be independent of the magnitude of the load, but depends on the values of the frictional
coefficient, Poisson’s ratio and the geometrical parameters. Numerical results of the quantities of practical
interest are reported.

INTRODUCTION
The problem of indentation of an elastic body by rigid punches is of considerable interest both
from the point of view of application as well as analysis. A relatively large body of literature
exists for the limiting case when it is assumed that the contact between the punch and the elastic
body is smooth. This eliminates the existence of contact shearing stresses thereby reducing the
number of unknown variables. The other extreme case in which it is assumed that upon contact
complete adhesion takes place has been known to be analytically more complicated but with the
recent developments in the numerical treatment of singular integral equations, increasing number
of studies which deal with this case are appearing in literature. The linear elasticity solutions,
although physically realistic near the center of the punch when complete adhesion is assumed,
contradict the physical expectations near the edges with sharp angles. Thus, when a flat punch
indents an elastic half plane, it is known that the ratio of shear stress 7 to normal stress o near the

corner is given by [1]}
1 1+z
tan [5 K log (1 —z)]

where « is a material constant. This shows that the ratio is divergent and oscillatory implying that
either plastic flow or slip (frictional) or both will take place. This motivated Galin[2] to consider
finite friction between the surfaces and obtained approximate solution by treating the adhesive
region as an unknown quantity dependent on the Poisson’s ratio and the frictional coefficient.

A rigorous treatment of the indentation of an elastic half-plane by a rigid punch with a finite
coefficient of friction between the surfaces has been recently given by Spence[3]. He derived a
singular integral equation in terms of a function representing certain combination of the shear and
the normal stress in the adhesive region. The kernel of the equation was positive and he proved
that the largest eigenvalue of the equation gives the extent of the adhesive boundary. Spence’s
paper also gives a complete account of this problem along with various numerical results of
quantities of practical interest. The present paper which considers an elastic rectangle indented
by flat punches is, therefore, motivated by Spence’s study.
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In this more general case, however, the presence of the traction free edges of the rectangle
complicates the structure of the governing integral equations. The conditions of the traction free
edges are satisfied by employing Papkovich-Fadle eigenfunctions[4] which lead to the solution of
certain mixed series on the remaining set of parallel edges. By introducing three unknown
functions, two of which represent shear stresses in the adhesive and slip zones and the third one
is associated with certain displacement gradient, a system of three singular integral equations is
derived. There appears no simple way to prove the existence of an eigenvalue of the type
supplied by Spence[3] in this case and, therefore, an indirect approach is employed to determine
the extent of adhesive boundary. In fact, the system of integral equations derived here are
nonhomogeneous so that the condition of finiteness of stresses at the point which separates the
adhesive from the slip zone is imposed to determine the eigenvalue parameter.

Three different approaches are utilized to solve numerically the three equations
corresponding to the three regions. The adhesive zone equation is converted by means of certain
suitable transformation into a Fredholm integral equation of the second kind. The slip zone
equation, which is a singular equation of the second kind, is solved by employing Jacobi
integration formula in which certain approximation is made for the term involving Cauchy kernel.
The free surface equation is given a numerical treatment based on certain extensions of the
method due to Gupta and Erdogan [5]. Numerical results of various quantities of practical interest
are given.

STATEMENT OF THE PROBLEM

For describing the rectangular domain, two reference axes will be used with cartesian
coordinates hx and hz. The bounding surfaces z = 1, are free from tractions. On the remaining
bounding planes x = + q, the following conditions of displacements u. and u. and the stresses
0. and o. are satisfied

u.(a,2)=—-(1-v)A, 0=<|z|=b <1 (1)
u:(—a,z)=(1-v)A, 0=<|z|<h <1 )
u.(xa,z)=0, 0<|z|<c<bh 3)

low: (2@, 2)| = plow(za,2)|, c=|z|<b @
O (£a,2)=0, b=|z|=1 (5)
Ou(2a,2)=0, b<lz|=1. 6)

The units of length and stresses are chosen to be k and 2G, respectively. In the above, v is the
Poisson’s ratio and u is the coefficient of limiting friction. The conditions (1)-(6) refer to the
physical problem of the indentation of a rectangle of length 2h and height 2ah by a pair of rough
rigid punches of width 2bh each, total indentation being 2(1 — »)Ah. The contact area consists of
outer slip zones, ¢ <|z| <1 where (4) is satisfied, and an inner adhesive region, |z| < ¢ where in
addition to (3), the following inequality must be valid

|owe (20, 2)| < plow (20, 2)|, |z]<c. )

The extent of adhesion, 2c, is an eigenvalue of the problem which is not known in advance, but
will have to be determined for given values of the physical constants w, », a and b.

In order that the conditions (1)-(7) yield a physically unique solution, it is further assumed
that the load is monotonically applied sufficiently slowly for static equilibrium to hold at each
stage. The boundary conditions (1)-(6) lead to a system of three singular integral equations in
terms of functions representing shear stresses in the slip and adhesive zones and certain
displacement gradient in the free surface region. It is shown that the formulation yields the
correct behavior near the junctions and the equations are suitably transformed for numerical
treatment. The eigenvalue ¢ is determined by imposing certain finiteness condition as explained
in the sequel. Finally, the inequality (7) is separately verified after an eigenvalue ¢ is obtained
numerically.
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GOVERNING INTEGRAL EQUATIONS

As in [4], the solution of the Navier's equations for plane strain case is assumed in the
following form
Ux = —(1 - V)Dx + 2 An Sinh (Anx)knfln(z)

u. = vDz + 3, An cosh (Aax){fin(z) +2(1 = »)f3n(2)} ®)

where D is an unknown real constant and A, (n =—o,...~1, 1,...) are a set of complex
constants. fi. and f.. constitute a set of complex valued eigenfunctions even in z such that
traction free conditions of o..(x, £1) = g..(x, £1) = 0, are satisfied provided that sin 2A, +2A, =
0. For complete definition and discussion of the properties of these eigenfunctions, reference is
made to [6]. The present analysis will be based on these properties which, for the sake of brevity,
will not be repeated here.

We note that eqns (8) yield the following expressions for the stresses

0w = =D+, An cosh (Ax)A{f1n(2) — vfan(2)} )
Oz = 2, An SInh (aX)Aa{f1n (2) + (1 - )f5a(2)} (10)
02 ==, An COSh (AnX)A{f1n (2) + (1 = ¥)f2n (2)}. (11)

For the sake of convenience in satisfying the boundary conditions (1-6), we introduce the
following functions defined as

outa, ) =3(1-n {S0 OZH= (12
Iz}
(g, 2)="F(1-») Ub éx(t)dt +A}, b=lz=<1. (13)

Both ¢, and ¢- are odd functions of z. By using (8), (13), (1) and (2) we may arrive at
> Anha sinh (Ana)fia(2) = (1—v)Da —A)— (1 - »)H(z - b)J; &()dt, 0=<z=1 (14

where H denotes the Heaviside function so that H(t) is zero when ¢ <0, and is equal to one
when £ >0.
Again, using (10), (12), (6) and (14) we obtain

2;, Ann sinh (An@)f2n(2) = —(Da — A)+ H(z ~ b) L &s(t)dt + H(b ~ 2) f () dt
+H(c—z)f¢,(t)dt, 0=z<l1. (15)
From (14) and (15) by using the relation
[ fin = bz =0
the constant D is obtained as

Da=A+ vf thi(t) dt + vjbt¢z(t)dt +L‘ (1= £)és(t) dt. (16)
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The orthonormality condition of the eigenfunctions given in [4] when suitably applied to (14) and
(15) yields

. _ 1 ¢ b _ H
Auha sinh Ay = 3 [ .L $i(1)P (A, 1)t + f $A)P Oy 1) dt L $(OQ0, t)dt}

D
where

QA t)=cot A sin At —t cos At

sin At (18)

PALOH=001)+21-v) I

Substitution of (17) in the series expressions for u.(a,z) and ow«(a,z) yields after some
rearrangement

u.(a,z)=vDz +J:¢,(t)Lo'(t,z)dt +fb¢2(t)Lol(t,Z)dt —J: ds(HL(t, z) dt 19)

a,m(a,z)_—.—p+£7 L cd};(t)Lg(z,t)dt-%% f ¢z(t)L02(z,t)dt+d% L OL 2)dt  (20)

where
Lit,2)= 3, %;-ﬁlfffp(,\n, P (A, 2) @1
L3t 2)=- 3 22 o, p(r, 2) @)
Li6,2)=3 %%:—E‘—fﬁ Qs QA 2). 23)

By contour integration of suitable functions in the right hand side of the complex plane, the
complex series in (21)}-(23) may be expressed as?

Lo(t,z2)= >, ﬂ"ﬂéﬁﬂ."ﬂz [mmra cosech® mara — (3 —4v) coth mma]
m=12
2mar
el a’ mw ma , zt
> 2mar 2mws (_a—’ t) S (T’ z) ~(=v) a (24)
m=12 sinhT+T

Sin mart Sin mmz [mra cosech® mma — (1 —2v) coth mmal

Loz(f, Z)y=~ mgl

mn
2mrr
< a’ mir m
+m==1‘2 . h2m1r+2mqu (_Zl—’ t)S( a ,Z) 25)
sinh == +="=
Lt 2)= > M%—;lp—mﬂ [coth mea + mma cosech® mma]

masl,2

2mr
< a’ mar mm

2t Iy 2w (50 R (52) (26)

a a

+The kind of analysis carried out here has been discussed in detail in [4, 6]. For the sake of convenience, however, the
Appendix gives some details of the contour integration pertaining to (21).
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where

R(A, t) =coth A sinh At — ¢ cosh At @n

SO\ 1) =R, 1) +2(1— )S“‘h)"

(28)

Finally, the boundary conditions (3)-(5) lead to the following system of singular integral
equations

J; "L\ 2) dt + I " daOLo'(t, 2) dt ~ j L oLt 2)dt = =Dz, 0<z=c (29)

~(1-V)al2)= D - p [ i na- b [ 60

1
X L(z, t) dt — uad; f DL, 2)dt, c<z<b (30)
b

a‘lz L ) ¢1(t)Loz(z,t)dt+% f ’ ¢2(t)L02(z,t)dt+% jb' $t)Lo(t,z)dt =D, b=z=<1. (1)

Later we shall reduce (29) to a Fredholm equation of the second kind. The eqns (30) and (31)
are basically singular equations of the second and first kind respectively. In the next section we
derive the type singularity of ¢. near z = b.

TYPE SINGULARITY NEAR z=b)

In order to investigate the singularity of the functions ¢. and ¢,, we wish to follow the
procedure as used by Keer in [7]. We assume ¢, and ¢; to be of the form

¢t) = (b —t)*"ax(t)

$a(t) = (t ~ by as(t). (32)

By making use of an identity given in [6, eqn 4.29], the eqns (31) and (32) can be written in a form
involving sum of singular parts and regular parts as given by

ma bd)z(t) mz_s 1(_#_3_(_{2 _ <y <
—¢z(z)+7L;_—zd:+ " L 2t = Fi2), c=z=b (33)
A=2v) ("dat) ., 1 ("), _ <, <
SRl [ 204~ ), bszs (34)
where
p(1=2v)
ma =50 2(1-7)
(35)
e == vy

The functions F, and F; in (33)-(34) although contain ¢, ¢. and ¢; but are associated with
Fredholm Kernels and, therefore, may be regarded continuous. By making use of (32) and the
substitutions u,=b —t and u, =t —b in (33), we obtain as z—> b~

-1

= (b -2 aslb) + 22 axb) f du1+ 2 0 (b) J ;4—+(b———) - Fi(2),
c<z=<bh. (36)
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The singular parts of the integrals may be obtained by considering the upper limits to be infinity,
so that the integrals may be evaluated by their Mellin transforms. Thus, we have

(b — 2P '[—axb) + axb)mz cot w8 + as(b)ma cosec mB] = F(z). 37
The singular part in (37) has to vanish and thus
ax(b)[m2 cot 78 — 11+ as(b)ma; cosec B = 0. (38)
Similarly, the eqn (34) yields
ax(b)Y(1—2v) cosec mB + as(b) cot 7B =0. 39

For a nontrivial solution, determinant of the homogeneous system (38) and (39) must vanish and
this yields

cot B + %’;—) =0 (40)

We observe that the characteristic equation for stress singularity near z = b given by (40) is
essentially the same as obtained by Spence in [3].

It is interesting to investigate the special case of a punch with complete adhesion, i.e. b = c.
For this purpose, (29) and (31) can be expressed as

G=4v) [Pult) , (1=20) (" &(0) ;. _ .

= J;t_zdt - Lt_zdt~F1(z), 0<z=bh a1
U=2») ["u(t) o 1 [ dslt) . _ -, <

= ot_zdt+w-Lt_Zdt—F3(z), b<z=l. 2)

If we now assume

$i(t) = ia(t)b — )P

ds(t) = ias(t)(t — b)*™! 43)

then proceeding as before, singular parts of (41) and (42) may be extracted from which we obtain
the following system of equations.

a(b)(3—4v)cot 7B —as(b)(1—-2v»)cosec wB=10 (44)
a:,(b)(1-2v) cosec 7B + as(b)cot mB=0. (45)

Equations (44) and (45) lead to

2 =20\’ _
cot 17[3+<—2_2V) 0. (46)

Making use of (46) in (43), it is possible to show after some manipulation

_az) log(3—4v) 1
O e e T, “n

Thus, eqn (47) implies a singularity which is oscillatory in nature and is the same as that given by
Muskhelishvili [8] for an elastic half-space indented by a flat punch with fully adhesive contact.

REDUCTION OF EQN (29) TO FREDHOLM INTEGRAL EQUATION OF THE SECOND KIND

We, thus, note that a solution of the problem necessitates a study of the system of singular
eqns (29)-(31) such that the inequality (7) is fulfilled. Further the stresses are singular near
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z = b where the exponent of singularity is governed by (40), but are continuous in 0 < |z| < b. The
function ¢ must also be bounded in b <|z| < 1. It appears that there is no simple way to handle
this situation and, therefore, an indirect approach is utilized which has proved effective in a
related problem[9]. The method is based upon the introduction of an artificial singularity in the
shear stress at z = =¢ and, then, requiring that the strength of this singularity be zero. This
scheme also converts eqn (29) which is of first kind into a second kind equation. For this
purpose we substitute

_b(y)dy

8= [ TR (48
By use of (48) and after an integration by parts the eqn (29) can be obtained as
j S Lot,2) j Sy dt + j $x(t)Lo'(t, 2) dt - f $x(tLA(t, 2) dt = —vDz,
O=:z=c (48a)

The expression containing 6 in the above equation, by a change in the order of integration and
some algebraic manipulation, may be shown to be equal to

——(3 4y) 0(y) 2 sin mmzJo(mmy)dy += jO(y)N(y,z)dy

where
N(y,z)= D, [mma cosech’ mma — (3 —4v) (coth mma — 1)} sin mwzJo(mmry)
m=1,2
2mar
s _a g (mm mm \_(1-v)
le,Z ., 2mw 2m7rS(a’Z)hz<a’y) a
sinh —— +——
a
where
ha(A, t) = (A coth A +1—=2v)Ie(At) = AtLi(AL). (49)

We note that the kernel N(y, z) is bounded. Further, making use of the identity[10]

212 sin mrzlo(mmy) = \}/I((Zz J ) exp (—ms) cosech (ms) sinh (sz)Io(sy) ds

the eqn (48a) can be expressed in the form of an Abel type equation

‘\/ﬁz(zy)dyz) g(z), O<z<c

whose solution is of the form

ug(u)
b(z )_‘n'dzj V(@ -ud)

Foglu)

2
=2 [e0+: [ SE2s

du] 0<z<ec.

Carrying out the algebra explicitly, the solution of the Abel type equation which is Fredholm
second kind is obtained as
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1(z)+zf V(OK(t,2)dt +5 24V
,L V.(M'(t, z) dt =-32_—V:v, O<sz=e, (50)
where
D¥\(z) = 8(z), DV¥Az)= Dgz), DW¥:(z)= ds(2) (51
o 2 w
K(t, )= —[ 5 exp(—s) cosech slo(sy)lo(sz) ds -3 f4y Z mmma cosech®> mma — (3~ 4»)
0 m=12
X (coth mma — 1)]}o(m17t)10(m172)+—1r‘— S
3 "'4V m=1,2
2mar
a’ m (1-v)
hgmr+2mﬂrh2(a )hz( )+3 4v a (52)
a

ot 7)= ¥ _1}&!_2)_ " exp (= : ] S
M(t,2)= - [ V=23 exp (—s) cosech slo(sz) sinh st ds +MZ'2 sin mmtlo{mmz)
X [mma cosech®* mma — (3 — 4v) (coth mma — 1)]

mw
2

h—z—'ﬂT+2m"S(%1I’ ') b (%E Z)‘(‘I*?X’ 53)
a

-3,

M, z)= 2 sin matlo(mauz){mna cosech® mwa — (1 - 2v) (coth mma — 1)]

) 2m2'rr i
-3 WR(%E,I)hz( 2)-(-2) 3 [%—‘},—%
a a

- I exp (—s) cosech sly(sz) sinh (st) ds] . 54)
114

By use of substitutions (48) and (50), the eqns (30)-(31) are transformed after some manipulation

into

—‘I’z(Z)‘f";(lﬂ 2v) f %(t)dH» j VUKt 2)dt + f VA)Kalt, 7) dt

+ L W,(O)Ks(t, 7) dt =

® , c<z<bh (5%
4
J: V)KL, z) dt + jb Wt )K(t, z) dt

1
—j —t\l—’mdt+f V() Ke(t, 2)dt =27, b<z=1
b L —2 b

(56)
where

Kit,2)=1 v[

; {\/(z R + Lm s exp (—s) cosech slo(st) cosh sz ds}
;i walo{mmt)
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X cos mmz{mma cosech’ mma — (1 -2v) (coth mma — 1)}

2mm
TS e mnm v (M7
2a Sty ., 2mmw 2m1-rh‘(a ’t)R (a ,z)] D
smh——a—+——a—

Ki(t,2)= T ‘—Lv [1 —22v {t i . -2 L exp (—s) cosech s sinh st cosh sz ds}

- 2 sin mwt cos mmz{mma cosech’> mma — (1-2v) (coth mma — 1)}
m=12

2mw

& a’ mw mm
* ...Zf,z sin 2mw  2ma S (T’ t) R (T’ Z)] 69

Kiy(t, 2)= [—1— {—- -2 J exp (—s) cosech s sinh st cosh sz ds}

2w

+ > sin mat cos mmz (coth mma — 1+ mma cosech’ mma)
m=1.2

2mar

s> a  (mm IL"_“Z)] 9
mz,z e mR(a,t)R(a,z (59)
a

Kit, 2)=—w(1-2v) {\/[( s J s exp (—s) cosech slo(st) cosh sz ds}

2 @
- >, mmaldmmt) cos mmz{mma cosech’ mma —(1—2v) (coth mma — 1)}

m=12
2ma
2 o
S e (T ) R (5 2) (60)
a <tz . 2mw 2mm a a
Slnh—a—-i-—a—

Kst,2)=—-(1-29) {t_iz- +?1—z -2 L exp (—s) cosechs sinh st cosh sz ds}

+2m >, sinmmt cos mmz {mma cosech® mma — (1~ 2v) (coth mma — 1)}

m=1.2
2mw
< a’ mm mm
B Y — (—, :) R (—, z) 61)
2 sinh 27, 2m - @ a
a a
Kt 2)= +2 j exp (—s) cosech s sinh st cosh sz ds
-27 2 sin mwt cos maz (coth mma — 1+ mma cosech” mma)
m=12
2m7'r
mm mm
+2 2 2';1"+2_rn1R (T, t) R (—a—, Z) (62)
a

hi(A, £) = (A coth A — )Io(At) — AtLi(AL) )

R'\ )= d% R(A, t)=(A coth—1) cosh At — At sinh At. (64)
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NUMERICAL SOLUTION OF THE INTEGRAL EQUATIONS

Integral eqns (50), (55) and (56) have to be solved simultaneously for numerical resuits. But we
note that using (12) and (48), the shear stress in the adhesive zone (0 < z < ¢) can be written as

R e e A bl ]

But the finiteness of the contact shear stress at z = ¢ implies
8(c)=¥i(c)=0. (65)

Thus the numerical solution of the system of egns (50), (55) and (56) must fulfill the condition (65).
The eqn (50) is Fredholm second kind equation, while (55) and (56) are singular integral equations
of the second and first kind, respectively.

For facilitating numerical solution, the intervals (0, ¢), (¢, b) and (b, 1} are normalized by
defining

t=(1+u)-§, V()= 0u); O0<t<c
z=(v+1)s3; 0<z<e¢

t=(1+u)}§)+(1~u)§, V() = 6(u); c<t<bh

z=(1+v)-§+(1—v)§; c<z<b
t=bu+1-u, Vy(t) = 05u); b<t<l
z=bv+1-v; b<z<l. (66)

Further, on the basis of our discussion on the singularity of 8, and 6; near z = b, we can write

6u)= (1~ u)glu), -1<u<i

o) = (1 — ) °gs(u), 0<u<l 67)

where « =B — 1, and B is the real root of eqn (40).
Making use of substitutions (66) and (67), egns (50), (55) and (56) yield

00+ [ 0N o du+ [ (1= Natu, )

+L(1-—u)°g3(u)N3(u,u)du=-3_’_’ip(v+1), “1<o<l  (68)

p(1=2v) (' (1—u)g:u)
mion ). w-v T

x{u, v)du +L (1—u)*gs(u)Ne(u, v) du =1—§—y; -l<v <l {69)

—(1-v)gav)+ L 0:(u)Na(u, v)du+J‘_l (1—u)"g2(u)Ns

f 8.(u)N+(u, v) dut + L (1 - 1)g:(u)Ne(u, v) du
+f0 (I~ uw)g(u)Ns(u, Ydu =27; O<p<l1 (70)

where

2
N;(u,v)=(l+v)%K(c+Cu c+cv)

7 3 (7
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Na(t, v) = c(lZJ(r3v)(fv) c) M (b +c +2bu - cu’ ¢ -;cv) ™)
Ng(u,v)=—c(1;3)2/-b)M‘ (1+b2u-u’c;cv) 73)
Ni(u, v) = g K, (c ;cu’ b+c +2bv - cv) (74)
Ns(u,v)=(b;C)K2 (b+c+2bu—cu’b+c+2bv—cv) (15)
N, ) = (1 - b)K, (1+b2u—u’b+c +2bv-cv) (76)
Notu,0) =5 Ke (S5 1+ b0 —0) 7
N, v) = (b—- c) K. (b +c +2bu - cu’ 14 by~ v) (78)
Ng(u,v)=ﬁ+(l—b)K6(l+bu—u,l+bv—v). (19)

For numerical solution of (70), we use the technique of extending the definition of W1(u)
appropriately into the interval (—1,0) and using the corresponding Jacobi integration formula.
This method has been used by Gupta and Erdogan[5] in the case of an edge crack where the
singularity is of the square root type. The appropriate extension, in this case, is

Vi(u)=(1-u?*Gu), Gu)=G(-u); —-l<u<li (80)

so that
(+u)yGu)=g(u); 0<u<l. (81)

Using (80) we may write
1 1
J (1 - u)*g>(u)Ns(u, v) du =% J (1 - u?*G(u)Ne(u, v) du. 82)
0 -1
We also note that

Ns(0, v) = No(0, v) = N+(0, v) =0. (83)

Noting that G(u) is singular at ¥ = *1, we can now employ the numerical method of solving
singular integral equation by the method of collocation in conjunction with Jacobi integration
formula as given in [11]. Thus (70) can be reduced to a set of n, algebraic equations in terms of
(n: + n2+ ns) unknowns as given by

2 A;(°'°)01(u:l)N7(u;' , 0!3) + 2 A'(O. a)gz(MIZ)Ns(uiZ’ vj})
i=T2 i=1.2

+ igz ALGUINSU’, vy =-2m, (j=1,2...n3) (84)
where
PP =0, (i=1,...n)
Po(u?)=0, (i=1,...n)
PSRt =0, (i=1,...2n5+1)
P ®(@)) =0, (j=1,...2n,). (85)

A{® are the corresponding weights of Jacobi integration formula[12].

SS Vol. 12, No. 9/10—B



630 P. K. CHIU et al.

A simple procedure for obtaining numerical solution of eqn (69) seems to be lacking and none
of the methods discussed in [11] are readily applicable to it. We, therefore, treat in an
approximate way as described in the sequel. We choose the collocation points to be u’
(j=1,...n:). The eqn (69) can now be approximated by

~(1- gty + U2 [ U 4y S a0 N, )

+ 2 A;(o“’)gz(uiz)Ns(uiz, uj)+ 2 A.~("""’G(ui3)N6(u;’, u,-z) = = , (] = 1, 2, . nz). (86)
i=12 i=12 -

The term with the Cauchy kernel presents difficulty, but since the singularity is integrable we may
write

L1 g2(ud).
87)

du +(1—u)™ log i;

J” (1—u)°‘gz(u) I' (- [gz(u) ( 2) 814 )]

1 u—ut 1 u—uf

By applying Gauss-Jacobi integration and taking limits the above expression on the right side
may be reduced to

1_ 2
v ed) - (525 g -
> Ae —" # AU~ AT )+ (1 = P gau) o [ {
i=1, t 1
i)
(88)

Using (88), a numerical treatment of eqn (86) as a system of algebraic equations is possible in
which a finite difference approximation for gz may be made.

Finally, we have eqn (68) which poses no problem since it is a Fredholm integral equation of
the second type. For the purpose of numerical solution it may be replaced by

01(u;')+ Azz Ai(o’O)ol(u:'l)Nl(u,‘l, u,-1)+ '22 A'_(O,a)gz(uiZ)Nz(uiz’ uil)

+ i=21.2 A«a.a)G(u.-J)N;(u,-s’ u')=— 3 —VZV w+D), (=12,....m). (89)

Equations (84), (86) and (89) provide a system of (n, + n.+ n;) number of algebraic equations
with the same number of unknowns. But the condition (65) is also to be fulfilled which gives

For obtaining numerical results, taking a given set of », u, a and b, iterations were performed for
various values of ¢ until (90) was satisfied.

NUMERICAL RESULTS AND DISCUSSIONS

The present problem is described completely by the following parameters: coefficient of
friction u, Poisson’s ratio », aspect ratio a, punch width 2b and indentation A. As explained
earlier, the extent of adhesion ¢ is obtained as a part of the solution. As in [9], ¢ is independent of
the magnitude of A. Numerical results for the variation of the ratio ¢ /b with friction coefficient
for various values of a, b and » are presented in Figs. 1-3. It is interesting to note that as ¢ /b —> 1,
p =, In other words, there is always some slip under the punch for finite coefficient of friction.
This is in agreement with the results in case of the compression of an elastic half-space by a rigid
rough punch[3]. It may be of interest, however, to note that for an elastic block compressed
between rough rigid planes, there may be complete adhesion between the planes and the
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Fig. 1. Variation of ratio of width of adhesive zone and width of punch, ¢/b, with friction coefficient u for
a = 1.0, Poisson’s ratio » = 0.35 and various values of b.
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Fig. 2. Variation of ratio of width of adhesive zone and width of punch, c /b, with friction coefficient u for

a = 1.0, » = 0.1 and various values of b.
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Fig. 3. Variation of ratio of width of adhesive zone and width of punch, ¢/b, with friction coefficient u for
v = 0.35 and various values of @ and b.
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Fig. 4. Variation of contact shearing stress for a = 1.0, » = 0.35 and various values of x and b
rectangle when the coefficient of friction is greater than certain finite limiting value[9]. Figure 4
presents contact shearing stress for a = 1.0, » = 0.35 and various values of b and p
The following expression for contact pressure o..(a, z) may be obtained

ey |- [ womo. ey

ouxla,2) _ . (=20,
b= e e
— b b
d Zv)f y:Pi(zz)_Ic Va(y)M"'(y, z) dy
1 1 b
[ 52y« [ wom0. 0, 0szsc o1
oxla, z)
~p - —u(1=v)¥2); c=<z=<b (92)
where
M‘°(y,z)=—(1 2V)J s exp (—s) cosech sJo(sy) cosh (sz) ds
_%T > mm cos mazlo(mmy)[mma cosech’ mma — (1 - 2v) (coth mma — 1)]
m=12
2mm
W7 od a’ d ,(mw mm
5 2 hZﬂr*_merrdz (7 Z) ha ( a y) 43
a a

-

-2y J’ exp (—s) cosech s sinh sy cosh sz ds

11( Z)
sin mmy cos mmz[mma cosech’ mma — (1 —2v) (coth mma —1)]
2

+i

m=1, M
5 s () SR () o0

a m=1,2 h2m-rr+2r‘:m
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M*(y,2)= };2 sin mrry cos mwz (coth mma — 1 + mma cosech’ mma)

2mm
o @ p(mm \Nd pmm
mz,,zsinhm+mR( ) e R ()

a

_% Io exp (—s) cosech s sinh (sy) cosh (sz) ds.
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95)

Figure 5 shows the ratio of contact shear and contact normal stresses for ¢ = 1.0 and » =0.35 for

various values of b.

As in [4], the “effective resistance,” defined as the ratio of the resultant load P and the

penetration, is of practical interest which may be obtained as

P 4

GAk -2 v[‘l’l(t)dt - uf 10t dt —J: (1=t dt

j-2bhy
. 46
V=35  bm2i —— L /
&t a=10  bm=5 — 2ah| oo
beg ---m Ll
Fapd
L b—2h—
Ab 1 JO——
Ll Ja
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! //
2 e
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fA—

Fig. 5. Variation of the ratio of contact normal and shearing stress @.. /o for a = 1.0, » = 0.35 and various

values of u and b.
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Fig. 6. Variation of “effective resistance” P/GAh with half-width of punch b for u = 0.1, » =01 and

various values of a.
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The variation of the “effective resistance” with b and a is depicted in Fig. 6 for x =0.1 and
v=0.1.

Finally, it is of interest to note that in the present case the contact shear stress is outwards,
that is in the same direction as in the case of a punch pressing on an elastic half-space[3]. But for
a compression of an elastic rectangle between rigid planes, b = 1, the direction of the contact
shear is inwards[9]. Thus, there is a discontinuous behavior of slip when b —1.
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APPENDIX
In order to reduce (21) to a real form we now consider the contour integration of the function
LMD pypy, )
sin2p+2
around the contour I' consisting of the imaginary axis with indentations around thg points p = (imfr./a)
(m=M,...-1,0,1,....... M), the semicircle |o| = (N + 1/2)ar in the right hand half plane and the circles around the points
p=A(m=N,...=L1,....... N)as wellas p = mm (m =1,2.... N); where M is the largest integer less than or equal to

(N +1/2)a. Noting that the residues of the function at p = A., p =mm, p =imm/a and p =0 are

An coth ai,

4 cos A, P )P (As, 2),

—si Z sin mt
—Sthmm? N7 [ mma cosech? mma — (3 — 4v) coth mma),

2m
mm
2 )2
s (s (22) 2%
sinhﬂ+ﬂ a
a a

respectively, where

R(A, t) = coth A sinh At — ¢ cosh At

S, =R, H+21 —,\)S'“r M

we have from the Residue Theoreum

o mm
& A coth aAn R a’
,.Z,, 2cos? A, P@an, OP(n, 2)= ...Z,_z . 2mm 2mw
axo sinh——+——
a a
s (M, t) s (r_n_z’ z)+ i sin mart sin mwAZ
a a m=1,2 mm

— 2
[amm cosech® amm — (3~ 4v) coth amw) _(_I__é’ﬂg'



